Within a generalized non-relativistic Fermi-liquid approach we have found general analytical formulae for phase-transition temperatures T 1 ( H) and T 2 ( H) (which are nonlinear functions of density, , and linear of magnetic field, H) for phase transitions in spatially uniform, dense, pure neutron matter from normal to superfluid states with spin-triplet p-wave pairing (similar to anisotropic superfluid phases 3 He − A 1 and 3 He − A 2 ) in steady and homogeneous sufficiently strong magnetic field (but |µ |H E < ε F ( ), where µ is the magnetic dipole moment of a neutron, E is the cutoff energy and ε F ( ) is the Fermi energy in neutron matter). General formulae for T 1 2 ( H) are valid for arbitrary parameterization of the effective Skyrme forces in neutron matter. We have used for definiteness the so-called SLy2, Gs and RATP parameterizations of the Skyrme forces with different exponents in their power dependence on density (at sub-and supranuclear densities) from the interval 0 7 0 < (S ) < 2 0 , where 0 = 0 17 fm −3 is the nuclear density and (S ) is the the critical density of the ferromagnetic instability in superfluid neutron matter. These phase transitions might exist in the liquid outer core of magnetized neutron stars. 
Introduction
Bogolyubov [1] and also Bohr, Mottelson, and Pines [2] proposed to use the idea about pairing of nucleons and superfluidity phenomenon (by analogy with Cooper pairing of electrons in superconductors which was originally introduced in theory of superconductivity by Bardeen, Cooper and Schrieffer [3] ) in order to investigate the properties of infinite nuclear matter and finite nuclei. Then Migdal [4, 5] suggested taking into account the superfluidity of neutrons for description of neutron stars (NSs). Later in 1967 Bell and Hewish [6] discovered pulsars (see also [7] ) and soon they were identified by Gold [8] as rapidly rotating neutron stars. Since then many investigators have studied various properties of complex nuclei and NSs (see, e.g., [9] , monographs [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , reviews and references therein, which are by no means comprehensive) but there are still many open questions, in particular concern-ing the spin-triplet superfluidity in NSs (see, e.g., [33] and references therein).
Presently, the number of observed pulsars is close to 2000 [60] . Neutron stars are compact stars which have possible masses M with a lower limit of ∼ 0 1 solar masses (M ) and an upper limit somewhere between ∼ 1 5 M and ∼ 3 M (see, e.g., [18, 41, 42, 60, 62] ). The uncertainty in the upper mass limit reflects our lack of knowledge of the properties of matter at high densities. The typical radius of a neutron star is ∼ 10 km. A neutron star can be subdivided into an atmosphere and four internal regions: outer crust, inner crust, outer core, and inner core. The atmosphere contains a negligible amount of mass, but plays an important role in determining the emergent photon spectrum and flux (see, e.g., [51] ). The outer crust extends from the bottom of the atmosphere to a layer with mass density ρ ≈ 4 3 × 10 11 g · cm
and has a depth of a few hundred meters [18] ; it is composed of ions and electrons. The inner crust extends from density ρ (the socalled drip density at which neutrons start to "drip out" of nuclei) at the upper boundary to ∼ is the nuclear mass density). The thickness of the inner crust is supposedly several hundred meters too (so that the whole thickness of the crust is of the order of one kilometer). The inner crust is composed of electrons, free neutrons and neutron-rich atomic nuclei [38] . The fraction of free neutrons increases with density and the spin-singlet type ( 1 S 0 ) of neutron superfluidity may be realized in the inner crust of NSs. The best-studied case is the 1 S 0 superfluidity in pure neutron matter (PNM) (see, e.g., [39, 40] and references therein).
At moderately high densities, 0 7 · ρ 0 ρ (2 ÷ 3) · ρ 0 , in the outer core of NSs (which can be several kilometers deep) presumably the Cooper pairing of neutrons in a 3 P 2 state occurs because of strong spin-orbit coupling [26, [63] [64] [65] [66] [67] [68] [69] [70] in place of the 1 S 0 superfluidity of neutrons. Outer cores of NSs contain neutrons as a main component and also an admixture (several % by number) of protons, which are in a 1 S 0 superconductive state. The same number of non-superfluid relativistic electrons are present; charge neutrality of NSs requires equal number densities = of protons and electrons).
A number of authors (see, e.g., [18, 24, 34, 36, 41, 42, 52, 54, 71, 91] and references therein) have predicted the possibility of π condensation (at ρ 2·ρ 0 ) in cores of NSs and also occurrence of hyperons, strange mesons, etc.
In the inner core of NSs at higher densities (with ρ (2 ÷ 3) · ρ 0 ) our knowledge of Quantum Chromodynamics (QCD) and its asymptotic behavior leads to an expectation that quarks inside nucleons will delocalize and form a uniform Fermi sea of quarks through a deconfinement transition. These expectations are born from model descriptions. Unfortunately, these model predictions are difficult to quantify and the precise density at which these transitions may occur is poorly understood. At temperatures below phase transition temperature (which is ∼ 10 MeV) the color superconductivity of quarks may occur and this phenomenon is investigated with the help of QCD theory (see details, e.g., in [25, 52, 56, 58] , etc., and references therein). In other words, if there is deconfined quark matter inside the inner core of NSs, it is very likely that it is in a color-superconductive state. A firm assessment of the role of quarks in neutron stars must await a better understanding of mechanisms of quark deconfinement with increasing baryon density.
Note also that the origin of magnetic fields in ordinary NSs and in a separate class of neutron stars, known as magnetars (strongly magnetized NSs, see [72] [73] [74] [75] [76] ), remains an open question. There are also many other poorly understood properties of NSs (e.g., the magnetic properties [50, 51] and the cooling of NSs through neutrino emission, see [28-31, 41, 53, 77] , etc., and references therein) which are very sensitive to the presence of different hadronic superfluid and superconductive phases and to their pairing strength.
It should be noted here that a type of proton singlet superconductivity (either type-I or type-II) inside the outer cores of NSs remains an unresolved problem (see, e.g., [78] [79] [80] [81] [82] [83] [84] [85] [86] , etc., and references therein). But according to estimates in [81] , the magnitudes of the critical magnetic fields H and H 2 (for proton superconductivity of type-I and type-II, respectively) are of order 10 14 G. Both these possible types of proton superconductivity are destroyed at sufficiently high magnetic fields H exceeding H or H 2 , i.e. at H 10 14 G protons become non-superconductive; this is just the strength of magnetic field H that we are interested in.
Thus, even after such brief introduction and from the references cited above, one can see that the physics of neutron stars is very rich and complicated. Note that neutrons are presumably the main constituent of NSs and we restrict ourselves here by studying the important problem of superfluidity in the magnetic field of pure neutron matter, with high densities corresponding to the density range of the outer core inside NSs. In view of the fact that there is no decisive evidence that only 3 P 2 pairing of neutrons occurs in outer core of NSs (it is not yet clear how nn interaction in vacuum is modified in medium of NS at supra-saturation densities) and for lack of consensus in the calculated magnitude of neutron 3 P 2 pairing gap at high densities [33, 68] , we consider another, but somewhat simplified, problem. Namely, in this article (which is a modified and extended version of our previous letter [87] ) we shall focus on spin-triplet superfluidity in pure neutron matter which is spatially homogeneous and, as a consequence, without spin-orbit coupling (at sub-and supranuclear densities from the interval 0 7 0 < 2 0 , where
is number density of nuclear matter) with p-wave pairing (similar to anisotropic superfluid phases 3 He − A 1 and 3 He − A 2 , see [88, 89] ) in a sufficiently strong spatially uniform magnetic field H. Upper limits for the magnetic fields studied here may be of order 10 17 G or even more (as inside the cores of magnetars mentioned above) and this will be discussed in more detail in our Conclusion. The effective Skyrme forces depending on density are used as interactions in superfluid pure neutron matter (SPNM) (see, e.g., [90] [91] [92] , etc.). The general consensus is that relativistic effects are small up to (2 ÷ 3) 0 and the Skyrme interaction is well justified for the description of nuclear matter consisting of nucleons and leptons (but not strange baryons or mesons) (see, e.g., [54] ). For this reason we use the generalized non-relativistic Fermiliquid approach [93] (see also [94] ) which is the extension of Landau's theory of normal Fermi liquid to superfluid Fermi liquids.
The structure of this article is as follows. The general equations for the order parameter (pairing gap) and effective magnetic field (EMF) for SPNM with the Skyrme forces and triplet pairing are briefly derived and discussed in the next section, while in Sec. 3 we obtain the solutions of eqs. for the order parameter and EMF for dense superfluid neutron matter near T (phase transition temperature of PNM to superfluid state). Phase transition temperatures for SPNM in strong magnetic field with Sly2 [91] , Gs [97] and RATP [98] parameterizations of the Skyrme forces are presented in Sec. 4, while our results are discussed in the Conclusion (Sec. 5). In an appendix we present explicit formulae for several functions from the main body of the text, and results of auxiliary calculations.
Equations for the order parameter and effective magnetic field for SPNM with the Skyrme forces and triplet pairing
As is known [89] , the order parameter (OP) for the socalled non-unitary phase (NU) of 3 He−A 2 type with spintriplet -wave pairing has the form:
Here (p)| = 0 is nonzero for NU superfluid phases of pure neutron matter with spin-triplet pairing. Note also that the superfluid phase of 3 He − A 1 type is realized at the condition, when ∆ ↓ = 0 and ∆ ↑ = 0. We have chosen the effective Skyrme forces as the interaction between neutrons for spatially homogeneous SPNM with spin-triplet -wave pairing in a spatially uniform magnetic field H. The operator of this neutron-neutron interactionV (p q) (without spin-orbit term) has the usual form (as a function of momentum variables p and q)
where 3 , and α. Now we shall briefly derive a set of coupled equations for the OP of the 3 He − A 2 type and effective magnetic field (EMF) H eff inside SPNM which is simplified (in comparison with analogous superfluid phase of real helium-3) because in the case of Skyrme interaction the normal Fermi-liquid Landau's exchange amplitudes F = 0 are non-zero only for = 0 and = 1. From Eq. (2) it is obvious that operator of neutron-neutron interactionV (p q) has the following structure in spin spacê
where these functions V 0 (p q) and V 1 (p q) have the form: 
To describe the equilibrium states of SPNM in a static uniform magnetic field H in the framework of the generalized Fermi-liquid approach [93, [99] [100] [101] it is necessary to introduce the energy functional (EF) E( + ; H), which can be written in the form: 
After averaging this operatorV with a statistical operator ρ and with the use of the Wick rules we obtain the following expressions for E ( ) and E ( + ) (see [94, 101] for analogous calculations and more detail): 
( is the volume occupied by the system). Here V (12; 34), the amplitude of interaction, is invariant with respect to the rotations in spin space and has the following form:
(β = 1 2 3), where
It is apparent from comparison of the general formula (10) with Eq. (3) that, for the effective Skyrme interaction between neutrons, functions V 0 (p q) and V 1 (p q) have the explicit form (4) and (5). We shall take into account that in the spatially homogeneous case under investigation, normal DF 12 (introduced above) has the following structure:
and anomalous DF 12 for superfluid Fermi-liquid with spin-triplet pairing can be represented as (see [89, 99, 100] )
The OP for superfluid phases with spin-triplet pairing of 3 He type (in the spatially homogenous case [99, 100] ) has the form:
The energy matrix for quasiparticles is defined as:
where the functions ξ β (p; ) are associated with the effective magnetic field H eff inside SPNM through formula [99] [100] [101] :
MeV/G is the magnetic dipole moment of a neutron [102] ). From (13) in view of Eqs. (9), (10) and (12) it follows that the general equation for the OP for a superfluid Fermi liquid with spin-triplet pairing of 3 He type is:
And analogously from (14) with account of Eqs. (6), (8), (10) and (11) we find the equation for ξ β (p; ):
We shall assume below that magnetic field is parallel to the axis z, i.e., H β = Hδ β 3 . Now in order to obtain the final form of equations for the OP and EMF in SPNM with the Skyrme effective interaction, it is necessary to substitute formulae (4), (5) for the functions V 0 (p q) and V 1 (p q) in general Eqs. (16) and (17) . We also assume that the quantization axes of spin and orbital moment of the Cooper pairs (i.e. vectors [d × e] and [m × n]; see Eq. (1)) and magnetic field H are collinear to each other, as in the 3 P 2 superfluid state in the dense neutron liquid of neutron stars (where strong spin-orbit coupling is taken into account). This assumption is not an additional restriction because mutual orientation of these axes is arbitrary in the absence of spin-orbit coupling (as it is in our case studied here). As a result, using general formulae (obtained by us previously [99] [100] [101] in the framework of the generalized Fermi-liquid approach [93] ) for the normal β (q) and anomalous β (q) distribution functions of quasiparticles (neutrons) for SPNM in a magnetic field, we have derived a set of integral Eqs. [95, 96] (from Eqs. (16) and (17) in the so-called thermodynamic limit → ∞) for ξ( ) and ∆
and for ξ( ) we have the Eq.:
≡ 0 is density of neutron matter; while (18) have the form 1 :
where
is the effective mass of a neutron and µ is the chemical potential). We have taken into account that for SPNM with 3 He − A 2 pairing the OP can be written as: ∆
obey the following Eqs.:
where F is the Fermi momentum). Here
is a coupling constant leading to spin-triplet -wave pairing of neutrons, which is expressed through the parameters 2 and 2 of the Skyrme interaction. We consider a traditional model of neutron Cooper pairing in a shell which is symmetric with respect to the Fermi sphere, i.e., − F = F − . It should be noted that in [87] we 1 We take this opportunity to correct an error in Eq. (3) from [87] where the multiplier before the integral should be reduced by half.
used a somewhat different model, with Cooper pairing of neutrons in an asymmetric shell near the Fermi sphere. This set of nonlinear integral Eqs. (18) and (22) for the EMF and OP give us a possibility to describe thermodynamics of superfluid non-unitary phases of 3 He − A 1 2 type in dense SPNM with spin-triplet -wave pairing in a static, uniform and high magnetic field at arbitrary temperatures from the interval 0 T T (H). In the general case, these equations cannot be solved analytically and it is necessary to use numerical methods for their solution.
But we can solve Eqs. (18), (22) using analytical methods in the limiting case, when the temperature (T T 0 ) is near the PT temperature T 0 of dense NM to superfluid state, and this is the theme of the next section.
Solutions of Eqs. for the OP and EMF for dense superfluid neutron matter near T
The set of nonlinear integral Eqs. (18) and (22) for the EMF and components of the OP was solved by analytical methods and as a result the approximate expressions were obtained for "reduced" (to dimensionless form) phase transition temperatures
(ε F is the Fermi energy of neutrons) of NM to superfluid states of 3 He − A 1 2 type with triplet -wave pairing in high magnetic field (with spin projections of the Cooper pairs along and against the magnetic field direction): which is somewhat larger than the Fermi energy (ε ε F ), so that 0 < < 1. We have selected here two prescriptions for the cutoff parameter. Namely, according to prescription 1 we have = < 1 (cf. similar cutoff in [103] ) and according to prescription 2 we have = E ε F ( ) with the cutoff energy 20 MeV < E < ε F ( ) (cf. prescription 2 from Appendix A in [104] ; see also discussion of the cutoff energy in superfluid low-density uniform neutron matter in [105] ). Note that prescription 2 is close to the prescription used in Hartree-Fock-Bogolyubov calculations. The cutoff parameter is regarded in the present article as an additional model parameter. For the validity of the Fermi-liquid theory it is necessary that the following inequalities should be true:
These inequalities means small "smoothing" of the Fermi distribution step-function due to the influence of external magnetic field H and temperature T T 0 ( ; ) on the neutron matter (where ≡ 0 , 0 = 0 17 fm
−3
). The following equation was obtained for reduced PT temperature 0 of NM to the superfluid state with triplet -wave pairing without a magnetic field:
Here the integral I 0 ( ; ) has the form: 
Here 3 0 * < 0 is a dimensionless value depending on the Skyrme parameters 2 and 2 (see after Eq. (22)). Formulae (25) , (29) is a definite dimensionless constant for every Skyrme parameterization. For example, for the so-called Sly2 [91] , Gs [97] and RATP [98] parameterizations of the Skyrme forces (which will be used in the next section) β S takes the following values:
Note that the Fermi energy of the pure NM with density = · 0 is defined by the formula:
(see Fig. 1 and then from (26) and (27) it follows that:
≈ 0 316998
where 0 < < 1 (see (29) 
The explicit form of functions A( ; 0 ) and B( ; 0 ), which enter in Eq. (23), can be seen in the Appendix.
Phase transition temperatures for SPNM in strong magnetic field with Sly2, Gs and RATP parameterizations of the Skyrme forces
Now we shall consider Sly2 [91] , Gs [97] and RATP [98] parameterizations of the Skyrme forces in pure NM with the following concrete cutoff parameters according to prescription 1:
= 0 2 (for Sly2) and = 0 4 (for Gs and RATP). For the second cutoff prescription
(see the brief discussion of the cutoff procedure after Eq. (23) and Fig. 1 for ε F S ( )) we shall select E C = 25 MeV < ε F S ( ). Note that the second type of cutoff parameter S ( ) depends explicitly on the Skyrme parameterization and on the density. That is why we select the first cutoff parameter = < 1 for concrete Skyrme parameterization in such a way that the following inequalities will be true (in the density range 0 7 · 0 < (S ) < 2 · 0 studied here, see this section below and in the Appendix):
After this concretization we plot the figures (for the first and the second cutoff prescriptions) for the functions (29) and (23) (accounting for (26)- (38) , and the Appendix) which describe, respectively, reduced PT temperature 0 ( ; ) (without magnetic field) and linear in magnetic field PT temperatures for NM from normal to superfluid states with triplet -wave pairing of the 3 He − A 1 2 type.
Sly2 parameterization of the Skyrme forces
For the case of Sly2 parameterization [91] of the Skyrme forces in SPNM we derive an approximate expression for the reduced PT temperature, using formulae (29) and (34), (see Fig. 3 ) and:
For the second cutoff prescription (see after Eq. (23)) we select E C = 25 MeV < ε F SL 2 ( ) and therefore we have cutoff parameter
In this case we designate the corresponding reduced PT temperature 0 SL 2 (E C ; ). We have defined another such designation in order to distinguish it from the PT temperature 0 SL 2 ( ; ) of NM (to spin-triplet superfluid state), corresponding to the first cutoff prescription (with = < 1). Thus, from Eqs. (29), (33) for the SLy2
Skyrme parameterization in NM it follows the approximate expression (see Fig. 3 ):
(43) where function F SL 2 (E C ; ) is defined according to Eq. (33) with cutoff parameter SL 2 ( ) of the second type. Now using Eq. (23) and the corresponding formulae obtained above (and see also the Appendix) we have plotted 3d-figure (see Fig. 4 ) for the PT temperature splitting function
(with the first cutoff prescription, i.e., = 1), which monotonically grows in magnitude and does not depend on the magnetic field (in the main approximation linear on magnetic field). We have found that when density, (of NM with SLy2-Skyrme), grows and tends to the critical density (SL 2) ≈ 1 724 · 0 , the function τ SL 2 ( ) is divergent (see equations (23) , (A1)-(A3), (A12), (A13) and Fig. 17 in the Appendix). This divergence signifies that the ferromagnetic instability in SPNM occurs. This conclusion is evident from the fact that the paramagnetic susceptibility of dense SPNM is divergent at the same critical density (SL 2) ≈ 1 724 · 0 (more details in our article, [106] ). From Fig. 5 one can see that the PT temperature splitting τ SL 2 (
) for superfluid NM with SLy2-Skyrme andwave pairing of the 3 He − A 1 2 type in a strong magnetic field is qualitatively similar for the first ( = 0 2) and second
cutoff prescriptions, but with small difference in magnitude, which is more noticeable in the vicinity of critical density (SL 2) ≈ 1 724 · 0 (see Fig. 17 in the Appendix). The major part of this difference for τ SL 2 ( ) (see Eq. (23)) is caused by the difference between reduced PT temperatures 0 SL 2 ( ; ) (see Eqs. (41), (43) and Fig. 3 ) with different cutoff parameters. Note that the magnetic fields represented in Fig. 6 (see Eq. (24) and Eq. (32) for ε F SL 2 ( )) are rather strong because the following inequalities are true (for 0 SL 2 ( ; ) see 
Gs parameterization of the Skyrme forces
For Gs parameterization [97] of the Skyrme forces in SPNM we have plotted Figs. 7-11 and Fig. 18 (which are analogous to Figs. 2-6 and Fig. 17 for the SLy2-Skyrme). Namely, for Gs-Skyrme parameterization of the effective forces in SPNM, from formulae (29) and (34), and taking into account equations (28), (30) and (31) (24), (31), (32) we obtain the following PT temperature T 0 G ( ; ): (46) and (48)) of NM (with Gs-Skyrme) to superfluid state withwave pairing of the 3 He − A type in a zero magnetic field as a function of reduced density 0 7 < < C (G ) ≈ 1 331 with cutoff parameters = 0 4 (points) and
Analogously to the derivation of Eq. (43), and considering Eqs. (29), (33) for the Gs-Skyrme parameterization in NM, we obtain the following approximate expression for reduced PT temperature):
(and see Fig. 8 ), where function F G (E C ; ) is defined according to Eq. (33) From Fig. 10 for Gs-Skyrme parameterization in the SPNM we can arrive at conclusions analogous to the SLy2-Skyrme case in subsection 4.1. Fig. 11 is similar to Fig. 6 for the SLy2 parameterization.
RATP parameterization of the Skyrme forces
For the case with RATP parameterization [98] of the Skyrme effective forces in SPNM we shall present here formulae for reduced PT temperature 0 RAT P ( ; ), and also T 0 RAT P ( ; ), which are derived in a similar manner to those in previous subsections 4.1 and 4.2 with two types of cutoff parameters. For the RATP-Skyrme parameterization we shall display our main results graphically in 
(see Fig. 12 for the function T 0 RAT P ( ; )). He − A type in a zero magnetic field as a function of reduced density and cutoff parameter < 1. Now, selecting for the RATP-Skyrme case definite cutoff parameter = 0 4 (according to prescription 1) Eqs. (49) and (50) show that:
(see Fig. 13 ), and: (53)) of NM (with RATP-Skyrme) for the superfluid state with -wave pairing of the 3 He − A type in a zero magnetic field as a function of reduced density 0 7 < < C (RAT P) ≈ 1 03 with cutoff parameters = 0 4 (points) and RAT P ( ) = (25 MeV)/ε F RAT P ( ) (line).
Analogously to the derivations of Eqs. (43) and (48), using Eqs. (29) and (33) for the RATP-Skyrme parameterization in NM, we find the following approximate expression for reduced PT temperature:
(53) where the function F RAT P (E C ; ) is defined according to (33) with cutoff parameter RAT P ( ) = 25 MeV ε F RAT P ( ) (see also Fig. 13 ). From Eq. (23) and formulae obtained above (and also in the Appendix) we have plotted a 3-D figure (see Fig. 14) for the PT temperature splitting function
with the first cutoff prescription, i.e., = < 1. This function monotonically grows in magnitude and does not depend on the magnetic field (for the linear approximation of a magnetic field). When the density (of NM with RATP-Skyrme) grows and tends to the critical density (RAT P) ≈ 1 03 · 0 , the function τ RAT P ( ) is divergent (see Eq. (23), (A1)-(A3) and Fig. 19 in the Appendix). Presumably (as for the SLy2-Skyrme and GsSkyrme cases discussed in subsections 4.1 and 4.2), this divergence means that ferromagnetic instability occurs in SPNM with RATP-Skyrme. This result is analogous to the divergence of the paramagnetic susceptibility of the same SPNM in [106] ). (24)) of reduced PT temperatures for pure NM (with RATP-Skyrme) to superfluid states of the 3 He − A 1 2 type as a function of reduced density and cutoff parameter = < 1.
From Fig. 15 for RATP-Skyrme parameterization in the SPNM we arrive at conclusions analogous to the SLy2-Skyrme case in the subsection 4.1. Fig. 16 for RATP is similar to Fig. 6 and Fig. 11 for SLy2 and Gs parameterizations of the effective Skyrme forces in SPNM.
Conclusion
We have obtained results for reduced PT temperatures of spatially uniform, pure NM to superfluid states with spintriplet -wave pairing of the 3 He − A 1 2 type. A steady and homogeneous strong magnetic field was assumed, together with arbitrary parameterization of the Skyrme forces. were ignored in equation (23)), and nonlinear in density (for sub-saturation and supra-saturation densities As for the strong magnetic fields studied here, we can estimate the strength of these fields from the following inequalities (see Eq. (24)):
( ). Using Eq. (32) for arbitrary parameterization of the Skyrme forces we derive that:
(see Eqs. (30) and (31) 
for β S
). Such ultra-strong magnetic fields (which may approach to H 10 18 G, see also [107] ) may be realized in the core region of magnetars (strongly magnetized neutron stars [72] [73] [74] [75] [76] ). As we have already mentioned in Section 3, the cutoff parameter is regarded as an additional model parameter in this work. It should be noted that for every parameterization of the Skyrme forces in SPNM both types of cutoff parameters = < 1 (cf. similar cutoff in [103] ) and
used here lead to qualitatively similar results for PT temperature splitting
which are of the same order in magnitude (see Figs. 5, 10 and 15 respectively for SLy2, Gs and RATP parameterizations of the Skyrme forces). The major difference for τ S ( ) (see Eq. (23)) with different cutoff parameters is caused by a difference between reduced PT temperatures 0 SL 2 ( ; ) (see Figs. 3, 8 and 13) . Maybe the second type of the cutoff parameter (dependent on the density and on the Skyrme parameterization), which is close to the cutoff prescription used in Hartree-Fock-Bogolyubov calculations (cf. prescription 2 from Appendix A in [104] ), is somewhat more physically justified than the first. Because accurate behavior of strong interactions between neutrons in dense NM is not yet known, it is not clear whether the rigorous procedure of cutoff in integrals over the energies of quasiparicles (neutrons) above their Fermi energy and different cutoff procedures are more or less model dependent.
From Section 4 we can arrive at a general conclusion that the PT temperature splitting function τ S ( ) monotonically grows in magnitude and does not depend on the magnetic field (in the linear approximation on magnetic field, see Eq. (54)). When the density, , of NM with Skyrme interaction grows and tends to the critical density (S ) (which is almost identical for both types of cutoff parameter , see Figs. 17-19 and Eq. (A13) in the Appendix) the function τ S ( ) is divergent (see Eq. (23) and Eqs. (A1)-(A3) in the Appendix). This divergency (which is in contrast with the real superfluids 3 He − A 1 and 3 He − A 2 [88, 89] ) might be interpreted as the ferromagnetic instability in SPNM with Skyrme forces (see more details about divergence at the same critical densities (S ) of paramagnetic susceptibility of SPNM with spin-triplet -wave pairing in our article [106] ). The possibility of the coexistence the spin-triplet superfluidity and ferromagnetism in neutron matter at suprasaturation densities within the strong magnetic fields deserves further investigation . This coexistence is quite possible from the general physical point of view, but other studies using different theoretical approaches (e.g., with so-called modern two-and three-body realistic interactions between nucleons) exclude ferromagnetic instabilities in dense, normal (non-superfluid) neutron matter, at least at densities up to 5 or 6 times 0 , in contrast to the effective Skyrme interactions (see, e.g., [108] and references therein). Being rather successful for a long time in its description of different properties of numerous nuclei, the Skyrme forces of various parameterizations are also used for description of neutron stars, but not all of them are valid for these purposes (see, e.g. [91] where 87 parameterizations of the Skyrme forces were selected, but only 27 provided good neutron-star properties). Only part of them are valid at the same time for description of spintriplet superfluidity in NSs (i.e., with negative spin-triplet -wave pairing constant,
see after Eq. (22)). We have used only three parameterizations from the last group of Skyrme forces with different power dependence on the density of neutron matter, and have found that all three result in instabilities at supra-saturation densities (see Eq. (A13)), which coincide with critical densities of ferromagnetic instabilities. Maybe these instabilities are the manifestation of some inadequacy of the Skyrme forces in conventional form for the description of pure neutron matter at sufficiently high supra-saturation densities. This is not yet clear. Note also that results obtained here (including equations (40) , (42), (45), (47) , and (50), (52)) for phase-transition temperatures T 0 S ( ) for the SLy2, Gs and RATP parameterizations of the Skyrme forces in NM from normal state to spin-triplet superfluidity are the monotone functions of density , i.e. these critical temperatures have no maxima in the studied here interval of densities 0 7 · 0 (S ) < 2 · 0 .
As we mentioned in the Introduction, existing predictions of the zero-temperature energy gap (or critical temperatures) in neutron matter with spin-triplet pairing differ essentially from each other at high densities above ≈ 1 7 · 0 even for bare nucleon-nucleon modern realistic interactions (see, e.g., Sec. 3.3 in [31] and [68] with comparison of different results and more detailed discussion therein). An accurate account of the medium effects at supra-saturation densities is still an unresolved problem. Recently [109] proposed a new generalized parameterization BSk18 of the Skyrme forces with additional density dependent terms, which excludes ferromagnetic instabilities in dense normal (non-superfluid) neutron matter. We found that within a generalized Fermi-liquid approach for SPNM with triplet p-wave pairing, this new parameterization leads to non-monotone dependence of T 0 BS 18 ( ) on density with a maximum in the interval 0 < < 2 0 · 0 . It is also interesting to use this new parameterization for the study of the properties of dense SPNM with anisotropic spin-triplet pairing in strong magnetic field. This work is in progress and will be published elsewhere.
Finally, the phenomenon of superfluidity at high densities > (2 ÷ 3) · 0 (inside fluid cores of neutron stars), should be investigated in the framework of a relativistic approach and with different interpretation of the hadron matter structure (including hyperons, mesons, quarks, and other possible constituents). Here we used the non-relativistic generalized Fermi-liquid approach [93] because the following inequalities are valid for the Fermi energy (32) (see also Fig. 1 Table 2 ). Now with the help of Eqs. (A3), (A8)-(A11) and values of the coefficients from the Table 2 (23), (24)) is divergent for SPNM with spintriplet -wave pairing and with the Skyrme forces studied here. He − A type (with the first = 0 4 (points) and the second type RAT P ( ) = (25 MeV)/ε F RAT P ( ) (line) of cutoff parameters).
